CHAPTER

14

The Role of Relativity in Stellar Structure

and Gravitational Collapse

In Chap. 6 we discussed the metric of the exterior of a spherically sym-
metric distribution of mass, and in Chap. 7 we extended our considera-
tions to include rotation. In this chapter we shall investigate the interior
of massive bodies. For simplicity we limit ourselves to spherically sym-
metric systems with the special energy-momentum tensor (10.41), i.e.,
perfect fluids.

Our considerations have application in the study of stars which have
reached the final stages of evolution. During most of the life"of a star
the light nuclei in the interior combine, i.e., undergo fusion, to release
large gquantities of energy. Much of this is in the form of radiation.
This radiation produces a pressure that helps to counter the inward force
of gravity, thereby stabilizing the star. TFor stars in which the fusion
process has nearly ceased and little radiation pressure remains we may
reasonably expect the stellar material to be approximately described by
a perfect-fluid energy-momentum tensor in which phenomena such as
viscosity and heat conduction are ignored. Such material, no longer
capable of significant energy release via fusion, is gencrally referred to
as cold catalyzed matter: it is cold in the sense that it behaves thermody-
namically like a zero-temperature fluid and catalyzed in the sense that
the fusion energy has nearly all been extracted.

After initial considerations on the basic equations of relativistic stellar
structure for cold catalyzed matter we discuss the simple model of
Schwarzschild, in which the proper density p is a constant. This will
be followed by a discussion of the stability propertics of very dense stars
of cold catalyzed matter, which leads naturally to questions on the evolu-
tion of such stars. The simplest example of gravitational collapse, the
spherical dust ball, will then be treated.

461




462 Introduction to General Relativity

Throughout this chapter our purpose is to illustrate the role played by
general relativity in astrophysics and not to do realistic caleulations,
since these are usually very involved and not as enlightening as more
simplified examples.

14.1 Relativistic Stella,r Structure

In this section we shall set up the problem of stellar structure in terms of
the perfect-fluid energy-momentum tensor representing cold catalyzed
stellar material. This involves the construction of a suitable form for
the metric and the statement of its relation to the density and pressure
inside the star. This must be combined with a study of the physical
interpretation of a number of mathematical statements that emerge.
For example, one of the most important of these equations we obtain
will be a generalization of the Newtonian equation of hydrodynamic
equilibrium, known as the Tolman-Oppenheimer-Volkov (TOV) equation.

At all times we shall assume that we are dealing with a static and
spherically symmetric configuration of mass, in which the density p and
the pressure p are functions of only a radial coordinate r:

(14.1) p=p0) p=0pl

As we shall discuss further, a local relation is usually assumed to exist
between these quantities; this is called the equation of state, and may
be written as

(14.2) p = plp)

In Sec. 6.1 we have already discussed the general form of a metric which
is static and spherically symmetric. We showed that we can bring it
into the form

(14.3) ds* = e’c* dt* — [* dr? + r2(d§? + sin? 6 dg?)]

The coordinates used may reasonably be identified with the familiar
polar coordinates used with flat space; »(r) and A(r) are functions of the
radial variable and must be determined from the field equations. Since
we are now dealing with different field equations than in Chap. 6, the
determination of these functions will differ from that for the empty-space
Schwarzschild problem.

The energy-momentum tensor which enters the field equations (10.101)
was determined in (10.41). It is convenient. to use lower indices, and
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S0 we now write it as

(14.4) Tasg = puaus + —g (Ualts — Gap)

Since the matter is at rest at each point, the components of the velocity
four-vector u* are (1°,0,0,0). On the trajectory of each particle of matter
in the fluid the relation between proper-time and coordinate-time is
given by

(14:5) d82 = goo(d:c" 2 = go()C2 di? 1= goo(u°)2

We have, furthermore,

(14.6) U = goaU® = goitt® = Vgoo  u; =0
This allows us to write T,s in the form
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(14.7) Tag = p
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which simplifies, by virtue of (14.2), to

per 0O 0 0
o 2o o 0
C
(148) Taﬁ = 0 0 g;;,rZ 0
0 0 0 ZErgne
C

for the ideal fluid at rest. When we insert this into the field equations
(10.101), we shall naturally obtain a set of relations between the geo-
metric functions »(r) and A(r) and the fluid parameters p(r) and p(r).
The form of the field equations (10.101b) is the most convenient for our
purpose because the scalar T, = T is easily obtained from (14.4),
namely

3
(14.9) T=p—22
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which follows from w*u, = 1 and g, = 4. We therefore have all the
nonzero terms of the right side of the field equations (10.101) and may
write

v 3
Too — 3gocT = 92.(,, + —’—’)

A
Tu — $gul = % ( - g)
(14.10)
Tzz-%gzzT—_-l( ——p)Tz
2 c?
T3s — LgssT = 1 (p — p) 72 sin? @
p 5 P

To get the left side of the field equations in terms of »(r) and \(r), we
first need the contracted Riemann tensor, or Ricei tensor, R,.. This is,
fortunately, a very easy task in the present case, for we have already
obtained all the components of R, associated with the metric tensor
(14.2) in our discussion of the Schwarzschild solution in Sec. 6.1. In-
deed, referring back to (6.31), (6.35), (6.44), and (6.49), we see that the
nonzero components of R,, are

R I

R — o % 2 N
11 — 5§ — > T
(14.11) 2 4 4 v
7 k’
Roy = e"‘[l +121-—7T] —1
R33 = Rzz SiIl2 [0}

where the prime denotes differentiation with respect to ». The field
equations are thus

" N ’9 ’
Y A v P, 3p
(14.12a) e [ 5 + ] ¢ [2 + 2——02]

(14.120) e [”_’ N L’] -c [%’ _ i]

(14.12¢) e [12 L= N] _1l_a [_S _ ﬂ]
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where C = —8m«/c?. Note that we now have only three equations since
the equation involving Rj; is clearly proportional to that involving Ra..
These can be put into more convenient form. We first add (14.12a)
and (14.12b) to get

(14.13) —C[p + 0—2] — (” + ”/>

r

Note that since € is negative and the density and pressure are greater
than or equal to zero, this implies that N + »’ is positive or zero and
equal to zero only for free space, that is, p = p = 0. We can now
solve (14.12¢) and (14.13) for p and p; for a third equation we eliminate
p and p from (14.12b) and (14.12¢). This gives the simple system

1 N 1

=M - — )} — =

(14.140a) Cp=c¢e (7"2 7") =
p_1_ (L Y

(14.14b) ch=5-c <T2 + T)

A 79 N ’ ’ ’"
(14.14c) A SN0 N e o N

Up to this point the density and pressure of the fluid have been treated
as arbitrary independent scalar functions. The system (14.14) repre-
sents three ordinary differential equations for the four functions which
deseribe the geometry and the physies of the system, namely, \(7), »(r)
and p(r), p(r). We still have the mathematical freedom to make arbi-
trary assumptions on the physical nature of the fluid which constitutes
the system. This is usually done by prescribing a pressure-density rela-
tion, the equation of state p = p(p) of the fluid.

Let us digress for a moment, however, to indicate an interesting alter-
native way of obtaining stellar models. We may prescribe e” arbitrarily
inside the star, asking only that it be equal to 1 — 2m/# at the boundary
in order that it match the Schwarzschild exterior solution there. Then
(14.14c¢) is a simple first-order differential equation that can be solved
for X by quadratures. Then we can compute p(r) and p(r) from (14.14a)
and (14.14b) and determine an equation of state p(p). It only remains to
be checked whether the solution is physically reasonable or not, in par-
ticular if p and p are positive inside the star (Adler, 1974).

Let us now return to the problem of solving the system (14.14) in the
case where an equation of state is preseribed. In recent years a great
deal of effort has gone into obtaining equations of state for cold catalyzed
matter up to and even beyond nuclear densities, i.e., roughly 10 g/cm?.
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As we shall discuss further in See. 14.3, these equations of state are
considered to be relatively trustworthy despite the extreme densities
involved.

In analogy with the Schwarzschild solution of Chap. 6, let us first
_define a funection m(r) by

2m(r)
- =

(14.15) e =1

This function m(r) can be shown to play the role of the geometric mass
kM /c? inside a sphere of radius r. To see this observe that

1 ’ = 1 e = e (L Ny 1
(14.16) - o @em'(r)) = — ﬁ[r(l eM) =e <r2 r) o
From (14.144) it then follows that
(14.17) m'(r) = ’;i; (4m7?)
or
(14.18) m(r) = /;)m dm = EKE/: 4dwrip dr

where we have set m = 0 at r = 0 in order to avoid a zero in the metric
term e at r = 0. Equation (14.18) justifies the interpretation of m(r)
as the geometric mass inside radius r. Outside the boundary of the
star we may use (14.15) with m equal to the total mass of the star; this
of course is the exterior Schwarzschild solution of g1; that we discussed
in Chap. 6. Thus we automatically have a continuous metric funetion
g11 across the stellar surface.

With the use of the function m(r) we can obtain a very useful equation
for p’, the derivative of p with respeet to r, in terms of p, p, m, and r.
Observe first that (14.14b) can be solved for » in a convenient form

;o m A drkprd/ct

(14.19) v = W

Next, we relate p’ to »". Differentiate (14.14b) and utilize (14.14¢) to
eliminate »”/ from the result

8wk,

2

r? r r r?

)\/ )\/y/ V” V, 2 :I

!
~A(y! n 2
e My +>\)27"
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Comparing this with (14.13), we obtain a simple relation between p’
and v':

(14.21) LA %(p + c%)

c
If the expression (14.19) is substituted for »’, we obtain finally

(14.22) p = — (o + p/c?((rm_+2;7gxpra/c4)cz

This is the famous TOV equation.

In See. 14.3 we shall discuss the use of the TOV equation in the con-
struction of stellar models. Let us now show that the TOV equation is
the relativistic generalization of the Newtonian equation of hydrostatic
equilibrium. Consider, in the context of classical theory, a small rec-
tangular box of fluid in the model star; the bottom is at a radial distance
r and has area dA4, while the top is at a radial distance » + dr and also
has an area dA. The net upward force on the element due to the pressure
differential is easily seen to be —p’ dr dA. The condition of hydrostatic
equilibrium is that the Newtonian gravitational force exerted on this
element by the rest of the star must balance the force due to pressure.
The downward gravitational force is simply

(14.23) P = M);LA@
where M(r) is the total Newtonian mass inside r. Thus equilibrium
ensues if

(14.24) p = —xM(r)e

72

If we identify m(r) = «M(r)/c?, as above, we see that this is just the
limit of the TOV equation for r 3> 2m, p > p/c?, and m >> 4wcprd/ct; in
most normal stars the pressure and density are low enough for these
limits to represent very reasonable approximations, and Eq. (14.24) may
be used in place of (14.22). However, many neutron stars are sufficiently
dense to require use of the TOV equation.

Let us now collect in summary the main results of this section, (14.15),
(14.17), (14.21), (14.22), which together with the equation of state we
shall refer to as the equations of relativistic stellar structure for static
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cold catalyzed matter:

(14.25a) p = plp) (the equation of state)
2

(14.25b) m = 4";‘2’”
) p'_ _ m+ dwprd/ct P
(14.25¢) ct r(r — 2m) Pt c?
(14.25d) e =1— %"3

- ;2
(14.25¢) Vo= ey ’

The first three equations form a simple first-order system that can in
principle be solved to yield functions m(r), p(r), and p(r) if initial con-
ditions are given, for example, m(0) = 0 and central density p(0) = p..
The radius of the model star is naturally taken to be that ro for which
the pressure vanishes, p(ro) = 0, and the total mass is m(ro). We shall
always assume that such a radius exists. From m(r) one finds the metric
function € from (14.25d). To obtain the remaining metric funection »
it is necessary to solve (14.25¢); the solution will be arbitrary up to a
constant, which can be determined by matching the interior solution to
the exterior Schwarzschild solution, e*®@ = 1 — 2m(ro)/ro.

The solution of the system (14.25) will be carried through for a special
case in Sec. 14.2 and discussed further in 14.3.

14.2 A Simple Stellar Model—The Interior
Schwarzschild Solution

We wish to solve the system (14.25) in all details for the very simple
case of constant p(r). This model was discussed by Schwarzschild and
recommends itself primarily by its great mathematical simplicity. A
constant density p does not imply that the physical fluid density must
be constant, since the physical density depends on the metric, which is
not constant. This will be discussed further in the latter part of this
section. TFor constant p we can integrate (14.25b) immediately to obtain

4aripr®
3c?

(14.26) m(r) =
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and therefore, by (14.25d),
_ 8wrpr?

For notational convenience let us define a quantity R with the dimen-
sions of a length by the equation

(14.28) R?=

8mxp

We can then write ¢gy; in the very simple form

7-2 —1
(14.29) = — = — (1 _ ﬁ)

The present case is somewhat artificial for a star and corresponds to
the classical notion of an incompressible fluid: we have no equation of
state giving p as a function of p. However, with constant p we can
integrate at once the relation (14.25¢) or (14.21) between pressure, den-
sity, and the metric function »(r). We obtain

(14.30) 5-3-6—"2“ <p + E”E) B y—

where D is an arbitrary constant of integration. This can be substituted
into (14.13) to yield a differential relation between X\ (r) and »(r):

-\
(14.31) -‘37 (' 4+ N) = D'

Since e is known from the preceding paragraph, we now have a differ-
ential equation for »(r). In order to solve it we rearrange (14.31) to

-

(14.32) rDe "2 = ey — (e)'

Substituting for e from (14.29) we then obtain

=~

(14.33) rDe™"/? = {1 — r_2 v+ 2—
’ R R2

To solve this differential equation let e*/2 = v(r); since ¥'(r) = (v'/2)e"’?,
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we can bring (14.33) into the final form

2
(14.34) (1 - }%2) ¥ (r) + Rlz y = rD

We guess at once an obvious particular solution of this inhomogeneous
differential equation; namely,

(14.35) vp = ADR?

On the other hand, the corresponding homogeneous differential equation

T2 ! r —_
(14.36) (1 — @) w(r) + 7 u(r) =0
has the general solution

re\u
(14.37) u(ry = B (1 - ~é—2>
Thus the function v(r) = ¢”/? must have the form
~ r2\ %

(14.38) e’ = 1DR* — B (1 - ﬁi)

with a properly chosen constant of integration B. We have thus deter-
mined the last unknown component of the metric tensor,

N 22\ 1572
(14.39) Joo = € = [%DRZ — B (1 — %) ]
If we denote by
- 208
(14.40) A=1iDR D= gpi’;‘ A

a new constant of integration, we can express the Schwarzschild line
element in the interior of the sphere of fluid as follows. Using (14.29)
and (14.39), we have

a4an) dset=|a—B(1 -2V ceae— (1= 2) ae
. . S = RZ RZ

— r2(d6? + sin? 0 de?)
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It remains only to require zero pressure at the stellar surface and to
fuse this line element with the exterior Schwarzschild solution of Chap.
6. This is very easily done with the coordinates and conventions we
have set up.

Let us note before continuing that the interior line element develops
a singularity in g;; when r = B, which is reminiscent of the behavior of
the exterior Schwarzschild solution discussed in Chap. 6. For the present
we shall suppose that the radius of the star is ro < B. Later we discuss
the situation where 7, approaches the critical value R.

To determine 4 we demand that the pressure in the fluid be zero at
the surface, and thereby join continuously with the zerc pressure of
space outside the fluid. If we substitute the expression (14.38) and
(14.40) into the relation (14.30), we obtain an expression for p(r)

P\ _ 204/3
(14.42) (” + -0-2—) T A — B — r2/R)%

The demand that p = 0 at r = ry leads to

(14.43) - 2478
A — B — r2/R2)%
or
-2\ 14
(14.44) A = 33( ~ ’:"«)
R2

so that only the arbitrary constant B remains in the metric.

To evaluate B we demand that the metric functions geo and g; join
continuously with the exterior Schwarzschild metric functions. Thus,
assuming ro > 2m, '

2
r R2 c

(14.45)
2\ 1} 2 2
o [A _3(1 —T))/ﬁ] =4Bz(1 - _)
To R R

where we have used (14.44). This yields B = L (the sign is arbitrary)
andA a relation between p and M that follows from the definition (14.28)
of R?

(14.46) M =i
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We now have determined the line element inside and outside the
Schwarzschild model of a star:

2 2 ]2 2
(aan) ae =[S 1K —J - Zl a0
2 R 2 B2 1 — r2/Re

-~ 2
— r2(d8? + sin? 6 dy?) for r < 7o, R? = 3c
8wrp
2m dr?
2 = 27 2 J52
as (1 r )C dt 1—2m/r
— r2(d6? + sin? 0 de?) forr > ro, m = %2{

We have so far supposed that the radius 7y of the model star is greater
than the Schwarzschild radius 2m so that no metric singularity occurs
for r > ro. This restricts the mass M accordingly

2
2k M M<Eﬂ)

(14.48) 1o > 2m = g 5

We have also assumed that ro is less than R, the parameter introduced
in (14.28), so that no metric singularity oceurs for r < ry; it is interesting
to note that this leads to the same result as above, (14.48). To see this
we substitute into

(14.49) < R? =

the expression for p obtained from (14.46)

M
to obtain again (14.48).

‘A slightly more stringent condition on M can be obtained from the
pressure equation (14.42). If the pressure is never to become infinite
inside the fluid, the denominator of (14.45) must never vanish. This
will be so if A > B, or

‘ 3 rd %1
(14.51) 5 [1 ~ :—] >3
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The square of this relation yields

62

2 82 —
(14.52) < gR =g

so by substituting for p from (14.50), we obtain, finally,

(14.53) M <=2

which is only slightly smaller than the previously imposed limit (14.48).
Note also that (14.53) guarantees that the coefficient of (dz®)? in the
line element is positive even at the center of the sphere.

The relations (14.48) and (14.53) limit the mass of a sphere of fixed
radius; alternatively, by the use of Eq. (14.50), they can be converted
into a limit on the mass of a sphere of arbitrary radius but fixed p.
Solving Eq. (14.50) for r, we have

3M\"%
which, inserted in (14.48), gives
c? (3M\* , 3¢t
(14.55) M <5 <4—Tp) R

A similar procedure applied to (14.52) gives the more stringent limit

16¢®
(14.56) M* < g
Next, as promised earlier, we study the problem of the physical inter-
pretation of the assumption of constant p.
As discussed in Chaps. 3, 4, and 12, the physical volume element of
a space with metric determinant g is 4/[g] times the product of the coor-
dinate intervals. Thus the physical three-dimensional volume element
inside the Schwarzschild model star is

2\ ¥
(14.57) av = (1 - %) r2sin 8 df de dr

which differs from the corresponding classical volume element 72 sin 6
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df dy dr by the factor (1 — r2/R?) =%, which is greater than 1. Equation
(14.57) can easily be integrated to obtain the total volume V,

2 To 2
(14.58) s f r*sin 6 df do dr _ b fo r2dr

(1 — /R (1 — r2/Rope

The most convenient way to perform the final step of the integration is
to define sin &« = r/R and sin ay = ro/R, which yields

(1459) V

Il

= o . =3 .
41rR3f0 sin? o de = 2rR3(ag — sin g cos ag)

- 2\ %
on R | aresin 22 — 20(1 — 10
R R R2

For most normal stars ro/R will be a very small number, and so we shall
expand the parentheses in (14.59) in a power series in ro/R; using the
well-known series for arcsine and square roots, we obtain

To rEN"%T 2 /ro\* | 1 /7o\° 7o\’
(14.60) [arcsm}—B % (1 — }?) ] = g(E) +5<1—?> + 0((}%_))

which, inserted in (14.59), yields

(14.61) V=i (R) +0(<%>4)]

Thus, finally, the average density {p) of the sphere is

(14.62) () = % = 57]‘:»[3 [1 - 1% (%)2 +0 <<%)4>]

If we substitute from (14.50), this can be expressed in terms of p as

(14.63) )= [1 130 <R> o ((R)4)]

That is, the average density and p differ by terms of order (ro/ R):. TItis
thus clear that p does not represent a constant ‘“physical” density, for
Jif it did, (o) would certainly be equal to p. Instead, we see that because
of the curvature of space, via the factor (1 — r2/ R4 , {p) differs from
p, the difference becoming negligible for sma,ll values of ro/ R.
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The formula (14.63) may be interpreted in an interesting manner.
We should expect a volume V with local density p to have the mass V.
We have a smaller mass M and may discuss the mass defect

(14.64) Vo= M=V [ i (%) o ((%)) J

We may attribute this mass defect to the loss of energy in packing the
matter under its own gravitational energy. In classical mechanics a
sphere of radius » and homogeneous density p has on its surface the
potential

(14.65) Vir) = —« = — —7r

If we increase the radius by dr, we bring the amount of matter 4wr?p dr
from the zero level of energy to the level V(r) and lose the energy

2
(14.66) dEG) = — i’;ﬂz 4 dr
Hence the energy loss in spherical packing due to gravitation is
(14.67) E = ﬁ) "B = —18rip¥s

On the other hand, the mass defect (14.64) can be calculated to first
approximation to be

4 8 N’ 373 5
(14.68) AM = (3 7‘3) ( 3:;’) 13" = %gﬁpzfc;g
Thus
(14.69) AM = -
e

and the mass defect appears accounted for by Einstein’s fundamental
mass-energy relation to the order of approximation used. It is therefore
fundamental to note that the mass M which appears in the Schwarzschild
metric represents all mass-energy contained in the source, even the nega-
tive gravitational binding energy.




476 Introduction to General Relativity

14.3 Stellar Models and Stability

We have carried through the interior Schwarzschild solution in detail
because it is mathematically simple yet illustrates the role of relativity
in constructing a stellar model. Moreover, it serves to clarify features
of the general problem, such as the physical interpretation Qf the den-
sity scalar p. It is desirable, however, to use a realistic equation of ‘st»ate
in the study of white dwarf and neutron stars. Such stars are beheyed
to be created in the aftermath of the cataclysmic explosion of a red giant
star into a supernova. Great extremes of density may occur in the red
giant core which remain after such an explosion; in white dwarfs the
density is around 10 g/cm? and in neutron stars it approaches 1018 g/crﬁ,
about 100 times nuclear density. Despite the difficulty of dealing with
such extreme densities, much work has been done on equations of state
for cold catalyzed matter and many stellar models constructed. We
wish to discuss qualitative features of these models.

With an equation of state and a given central density p., Eqs. (14.250)
and (14.25¢) allow one to construct an interesting functiop, 'the mass of
the star in terms of its central density. For this purpose it is necessary
to integrate these equations for the functions p, p, and m, which will
depend on the central density p.. For an acceptable equation of state
there must be some r¢ for which p(ro) = 0, as we have already noted.
This stellar radius and the total stellar mass m(ry) will naturally depend
on p.. We may thus think of the total stellar mass as a fungtion m(.pc)
of p.. In practice this function is usually obtained numerically with
high-speed computers. It has very interesting qualitative features com-
mon to most realistic equations of state. We first consider models of
white dwarf stars. On the basis of atomic physies an equation of state
appropriate to the densely packed atoms of a white dwarf is ob_tainable.
With such an equation of state it is found that the total mass increases
monotonically for p, in the interval of 105 g/cm? to about 10° g/em?, and
reaches a maximum value of about 1.2 solar masses. This maximum
mass is referred to as the Chandrasekhar limit (see Fig. 14.1). A stellar
model with a mass greater than the Chandrasekhar limit is unstable and
must turn into a time-dependent system. Thus theory predicts that no
stable white dwarf stars with a mass greater than about 1.2 solar masses
can exist, which is confirmed by all observations to date. This re‘su.lt is
not critically dependent on the details of the equation of state uscd since
the dominant pressure is produced by a so-called degenerate elf:ctron
gas, the physies of which is rather well understood. ‘T}‘le result is also

-independent of general relativity in that the classical hr'mt (14.24) of the
TOV equation may be used as an excellent approximation.
For masses greater than the Chandrasekhar limit it is necessary to
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reconsider the problem as time-dependent. The model star is found to
contract, and extreme pressures and densities occur in the interior. This
causes electrons to be absorbed by protons to produce neutrons and neu-
trinos, a process known as tnverse beta decay. By this process a star of
great density and small size, about 10 km, composed largely of neutrons
can form. Another region of stability occurs on the curve in Iig. 14.1
for such neutron stars. Pulsars, sources which have been observed by
astronomers to emit intense bursts of electromagnetic energy in preeisely
timed pulses, have been identified as neutron stars in rapid rotation.

Neutron stars can be studied in the same manner as white dwarfs.
The main differences are that the equation of state for a very dense gas of
neutrons is not as well understood as for the electron gas, and relativistic
effects arc important. Nevertheless one qualitative feature appears to
be common to most models based on reasonable equations of state. The
funetion m(p,) increases monotonically to a value of order one solar mass
at a density of about 10'® g/ecm?® (see Fig. 14.1). Beyond this eritical
mass there is no known stable state for a superdense star; thus it is pre-
dicted that a stable neutron star will not exist with a mass very much
greater than a solar mass. A heavier star would become unstable and
shrink with time in the process known as gravitational collapse. It is
extraordinary that the pressure obtained from most equations of state
cannot balance the gravitational force and halt the collapse.

We have so far limited our discussion to white dwarf and neutron
stars, which are limited in mass as noted. Another very interesting casc
of instability involves not great densitics but very large masses. To
see how this comes about consider the limit on the mass of a Schwarzschild

Fig. 14.1

Central density versus mass of white dwarf and neu-
tron star models, showing the maximum values of the
masses; see also Cohen and Cameron (1971).
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star imposed by the demand that the pressure remain finite at the center
(14.56)

16¢8
ME < 243w pK3
For p of the order of 1 g/cm3, the density of water or of the sun, the
critical value of M is about 108 solar masses. Thus we are led to expect
instability to occur at very ordinary densities for a star of sufficiently
great mass.
In the next section, we shall discuss the simplest example of the evolu-
tion of an unstable mass, the gravitational collapse of a spherical ball
- of dust with no internal pressure.

14.4 Gravitational Collapse of a Dust Ball

In the supernova explosion of a red giant star the small dense core of the
red giant is left behind, often to become a white dwarf or neutron sta?.
However, if this core is much more massive than a solar mass, there is
no stable state, as we have discussed, and the core must collapse. Studies
indicate that many red giant cores may be expected to exceed the sta-
bility limit. Since a realistic description of the collapse of such a stellar
model would take us beyond the aims of this book, we shall consider a
very simple mathematically tractable model; since the pressure generated
during collapse is not adequate to halt the collapse, we §hgll Pake_the
drastic step of ignoring the pressure entirely in order to gain insight into
the behavior of the geometry associated with a collapsing body. Thus,
we shall study the collapse of a spherically symmetric dust ball, falling
freely inward upon itself. This model is particularly simple since we
can form it by piecing together previous results from Chaps. 6 and 13.
Let us consider the metric appropriate to a spherically symmetric ball
of dust, of radius r; and with uniform but time-dependent density p.
The exterior metric is the Schwarzschild metric of Chap. 6, as may be
inferred from the Birkhoff theorem mentioned in Chap. 6. The interior
metric is relatively easy to obtain by using the results of Chaps. 12 and
13. Indeed, we shall adopt the Robertson-Walker metric and assume
that the dust is at rest in a co-moving coordinate system, just as in the
cosmological problem. The only difference is that in the present‘problem
the co-moving radial coordinate u extends only up to some finite value
" uq corresponding to the dust-ball radius instead of ranging over the whole
of the universe, i.e. to infinity. The radius u, is co-moving with the
dust and is therefore taken to be independent of time. The physical
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motion of the dust-ball surface is described by the function R, which is
time-dependent. It is thus clear that except for the decreased range
of the radial coordinate 1 the mathematical results of Chaps. 12 and 13
may be used for the dust-ball problem. For maximum simplicity we
shall consider the case where the parameters k& and A are both zero.
Thus, in the absence of pressure, the metric and the equations governing
R become, from (6.53) and (12.56):

Exterior:

2
(14.70a) ds? = (1 — ?;_n) cdi? — Tig%m—/; — 7r2(d6? + sin? 9 de?)
Interior:

&

(14.700) ds* = c?dr* — R(r)[du® + u2(do® + sin? § dy?)]

and from (13.18)

8 3R"? 4k 3R"
(14.71) P Re @S T aR

We have denoted the Robertson-Walker time coordinate by: 7 to dis-
tinguish it from the Schwarzschild time coordinate ¢. )

Equations (14.70) and (14.71) set up the problem by describing a
“truncated Friedman universe”” joined at some radius to the exterior
Schwarzschild solution. It now remains to relate the radial markers u
and 7, to solve for R(r), and to verify that the metric forms in (14.70)
join smoothly at the dust-ball radius, which we may denote by either
Uq O Tg.

The connection between the radial coordinates r and w is easily ob-
tained. = Recall from Chap. 6 that the Schwarzschild radial coordinate
is distinguished in the sense that the invariant area of a sphere of radius
r is 4xr%, as in flat space. This is evident from the form of the angular
part of the line element (14.70a); it is also clear from (14.70b) and the
discussion following (12.71) that Ru is distinguished in the same way.
We therefore identify the time-dependent physical radius of the dust
cloud in Schwarzschild and co-moving Robertson-Walker coordinates as

(14.72) ra(t) = R(r)uq

It is not necessary to solve here for R(r) since we have already done
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this in Sec. 13.3.  There we obtained the first integral

(14.73) R? = %’ ¢

2

where Dy is a constant of integration. Thus, the first integral for u R (7)
is

Doud3
e . Z0%d o
(14.74) (uaR") Wl ¢
which has the solution
(14.75) - (waR)*® = (waR(0))* — 3 \/Doug cr

We have chosen a minus sign for the second term; a plus sign would
correspond to an exploding dust ball (Exercise 14.5).

This solution has several important features. First, the Robertson-
Walker time coordinate is the same as the proper time, so that cr and s are
interchangeable in Eqs. (14.74) and (14.75). Second, it is evident that R’
is never zero unless R is infinite, as may be seen from Eq. (14.73). Thus
our solution eannot represent a dust ball of finite extent collapsing from
rest; we must assume that R is infinite for a time in the infinite past.
This is a consequence of using the value £ = 0 and is the price we must
pay for choosing the simplest case. It could be avoided by choosing
k = 1, but we would then find a zero radius in the finite past (see Exer-
cise 14.7).

Preparatory to verifying that the interior and exterior solutions in
(14.71) match we give a physical interpretation to the constant D, in
(14.75). Equations (13.18) specify D, as given in (13.23) as

(14.76) Do = (43—" R3p> 2

c2
We can show that ugsD, is twice the total geometric mass of the dust
ball as follows. The invariant three-volume element corresponding to
the Robertson-Walker metric is

(14.77) AV = ~/—gdudbf de = R3u?sin 6 du df do

and so the mass of the cloud (see Sec. 13.1) is

(14.78) M= oV = dr [ pRou? du = %Iud?-Rsp
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k]
since the three-space is Euclidean. Twice its geometric mass is
CZ

(14.79) o = f—;‘M - 2% (%’I R3p> we = ugDe

With us2Dy identified as 2m we can rewrite (14.74) and (14.75) as

2mc?
N2 —
(14.80a) (wqR') vl
(14.800) ‘ (uaR)® = (uaR(0))* — 2 v/2mr

It now remains only to verify that the interior and exterior solutions
do indeed match at 74 = uaR(r). The picture which we obtain for the
collapse of the ball is that its radius measured by u,R(7) decreases with
time according to (14.80). Outside this radius we should have the
Schwarzschild solution, (14.70a). Certainly if we have a consistent solu-
tion, the exterior metric is the Schwarzschild metric as guaranteed by
the Birkhoff theorem, discussed in Chap. 6. We can be assured that
the interior and exterior solutions must join if the motion of a test par-
ticle just inside the ball’s radius agrees with that of a test particle just
outside. The motion of a radially falling particle just inside the ball is
governed by (14.80). That of a particle just outside the dust ball is
governed by the geodesic equation for radial motion in a Schwarzschild
field. Referring to Eq. (6.82) yields ’

d 2 2
(14.81) g = (Ers‘d) = =m

where we have set the constant 2~ = 0 for radial motion and have chosen
[l = 1/c so that 74 = 0 at r4 = «, as with the interior motion. This
equation is the same as (14.80a). Our task is now completed, because
74 has been identified with usR(r) and c¢r has been identified with the
proper time s, so that (14.80) and (14.81) tell us that the radial motion
of a particle just inside the dust-ball surface is the same as one just out-
side the surface; i.e., it is the same in the two different geometries.

The properties of the dust-ball collapse as viewed from the outside
are now evident. One would see the surface falling freely in precisely
the same manner as the test particle discussed in Sec. 6.7. That is, it
would shrink asymptotically to rqs = 2m, the black-hole radius. On the
other hand, from the viewpoint of an observer moving with the dust-
ball surface, the collapse would proceed to zero radius in a finite proper
time and no singularities at all would occur in the metric. If we had




482 Introduction to General Relativity

constructed our dust-ball model with the choice & = +1 instead of k¥ = 0,
we would have reached the same qualitative conclusion (see Exercise
14.6).

The dust ball is an unrealistic model for the eollapse of a very dense
star of normal size. However, as we noted in Sec. 14.3, one may expect
instability also for bodies of great mass but very modest densities. To
investigate this in the present context we consider (14.78) with the dust-
ball radius uyR set equal to the asymptotic collapse radius 2m = 2«M /c2.
We then obtain a relation between 2 and p in the asymptotic state of
collapse

, 3 [\ 1
(14.82) ,, M= o (7;> -
in direct analogy with (14.55). We may choose p to be sufficiently small
so that if a realistic equation of state were being used, instead of p = 0,
we could still expect p to be small and have negligible effect on the col-
lapse. For example, if p were about 107* g/cm3, collapse would still
occur if M were about 101 solar masses, the size of a small galaxy; at
this very low density it would appear reasonable to neglect pressure.
It is possible to speculate that very large conglomerates of gas and dust
may also condense to form large low-density systems collapsing asymp-
totically to black holes.

Exercises

14.1 Solve the equations of stellar structure (14.25) for an ideal iso-
thermal Boltzmann gas, which has an equation of state p = ac?, where
a 1s a constant. To do this assume a solution of the form p = 4r" and
determine the constants 4 and n.

14.2 (continued) The above solution is badly behaved for » = 0. Give
a. physical interpretation of this result. If a sphere of incompressible
fluid, p = const, is placed at the center of the gas, the solution can be
made well-behaved at the origin. Show this explicitly.

14.3 (continued) The above solution is also badly behaved in the sense
that the pressure is nonzero for any finite radius. Discuss how this
defect could be remedied by making the pressure drop to zero at some
value of r chosen as the stellar surface.

14.4 (continued) One way to remedy the defect discussed above is to
place a shell of constant density fluid around the gas. Demonstrate
this. What mass must such a shell have?
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14.6 Study an exploding dust ball by choosing a plus sign for the second
term in (14.75).

14.6 A Schwarzschild exterior solution can be joined to a dust-ball in-
terior solution for the cases £ = 1 and k¥ = —1 in an analogous manner
to the k = 0 case discussed in Sec. 14.4. Do this calculation.

147 In Exercise 14.6 with & = 1 an infinite dust-ball radius at { = — oo
is avoided, but this undesirable feature is replaced by a zero radius at
some finite past time. Show and discuss this.

14.8 Obtain a solution for a dust-filled universe containing a spherically
symmetric cavity in which a spherically symmetric body is placed. Do
this by joining a standard Schwarzschild solution to a Robertson-Walker
solution extending from u = s to u = . Consider all cases of k.

14.9 Following the above exercises, join a dust ball of radius uq 10 a
Schwarzschild solution, and the Schwarzschild solution to a spherically
symmetric dust cloud of inner radius w = u; > w; and extending to
u = oo,

14.10 (continued) Discuss the evolution of this system and its physical
interpretation in terms of an idealized collapsing star in an otherwise
dust-filled universe.

14.11 Study the behavior of collapsing and exploding dust balls using
classical Newtonian mechanics, and compare with the results of rela-
tivity theory. ’

14.12 What are the Petrov types of the metric of the collpasing dust-
ball problem in various regions of space-time?

Problems

14.1 The effects of slow rotation may be added to the stellar structure
problem in a simple manner. Begin this study by obtaining a reason-
able metric for a slowly rotating fluid body, working to first order in the
rotation rate (see Adams et al., 1973).

14.2 (continued) Obtain the Einstein equations for a slowly rotating
fluid body, allowing the rotation rate to be a function of position in the
body. Again work to first order in the rotation rate.

14.3 (continued) Solve the Einstein equations for the gaseous model,
considered in Exercises 14.1 to 14.4, when it is rotating slowly. The
problem is simplified if the shell thickness is allowed to go to a zero limit.
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14.4 (continued) Solve the Einstein equations for a slowly rotating
incompressible fluid, as in the Schwarzschild interior solution.

14.6 Study the red shift of light emitted radially from the surface of a
collapsing dust ball and also the exploding dust ball of Exercise 14.5.

14.6 Obtain the wave equation for sound propagation in a perfect fluid,
and show that the speed of sound is (dp/dp)*.

14.7 For the speed of sound not to exceed ¢ we must demand that
(dp/dp) < ¢* Thus for the ideal isothermal Boltzmann gas « must be
less than 1. Is this restriction physically reasonable?
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CHAPTER

Electromagnetism and General Relativity

General relativity is primarily a theory of gravitation. It enables us
to understand the rather mysterious physical “force” of gravitation in
terms of the purely geometric structure of the space-time manifold.
Gravitation, however, is not the only force that occurs in classical physics.
Electromagnetic forces are as universal and important as gravitational -
forces, and their agent, the electromagnetic field, is not explained by
classical general relativity as a geometric phenomenon. Thus there
have been many attempts to imbed the theory of the electromagnetic
field into the framework of an extended theory of general relativity.

The ideas of Weyl (1918, 1922) and Eddington (1923) are particularly
interesting. These authors attempt to introduce -electromagnetic
potentials as geometric quantities which determine the law of trans-
plantation of a scale of length between different points and the comparison
of length units in different directions at the same point. One associates
in this way the electromagnetic potential with some sort of length dis-
tortion in space-time. We shall discuss this attempt to geometrize the
electromagnetic field in a brief sketeh in See. 15.2.

Einstein (1955) devoted much research in the later years of his life to a
unified theory of the gravitational and the electromagnetic field which
should describe both in terms of the metric tensor. For this purpose
he had to assume the metric tensor to be nonsymmetric; he thereby
obtained just a sufficient number of new field variables to describe
the electromagnetic field. This unified field theory has been worked out
in great mathematical detail by Hlavaty (1957), to whose book the reader
is referred for further information on this theory.

However, despite the efforts of the physicists named above and many
other ingenious attempts, it can safely be stated that no unified theory of
electromagnetism and gravitation has been developed which is as con-
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vincing and satisfactory as Einstein’s original theory of the gravitational
field alone. This is most unfortunate since many physicists feel that the
best classical description of the elementary particles is that of singularities
in a combined electromagnetic-gravitational field.

In this chapter we shall pursue a more modest problem. In See. 15.1
we shall solve the combined Einstein-Maxwell equations in the standard
classical form for the simplest case of physical interest, namely, a charged
mass point. In the final sections of this chapter we shall then study
briefly the ideas of Wheeler and Misner et al. for an ‘“‘already unified”
field theory based on the combined Maxwell and Einstein field equations
(Einstein, 1955; Misner and Wheeler, 1957; Wheeler, 1957, 1961, 1962).

15.1 Thé Field of a Charged Mass Point

We shall first study the field of a charged mass point, that is, a point
singularity of the Einstein field equations with an energy-momentum
tensor (10.70) due to an electromagnetic field. We shall assume both the
metric and the electromagnetic field to be spherically symmetric and
time-independent. Such a situation represents the simplest example of a
combined gravitational-electromagnetic field with sufficient physical
significance. The problem of determining the coupled fields is somewhat
similar to the interior Schwarzschild problem of Sec. 14.2, except that
the energy-momentum tensor is now due to the electric field of a point
charge instead of describing a fluid sphere. Observe that in the present
case, because of the antisymmetry of the electromagnetic field tensor,
the electromagnetic energy-momentum tensor (10.69) has zero trace.
Hence, we can simplify the general field equations (10.101) to the form

(15.1) R, =CT, (=™

We must solve this system together with the classical free-space Maxwell
equations, which we shall write in the form given in (4.70a) and (4.70b).
Thus the system to be solved is

(15.2&) Rur = CTM7 = g[FyaFa'r + i‘gFTFaﬁFaﬁ]
(15.2b) @) = (V=g Fm), = 0
(15.2¢) {Fop} =0

There must, of course, be a singularity allowed in both the F,, and g,
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fields at the position of the particle, or one will obtain the identically
vanishing solution. We assume the particle at the origin of our polar
coordinate system; clearly it is also the center of symmetry.

Since we are dealing with a Schwarzschild-type particle, the symmetry
considerations which led to the general form of the Schwarzschild metric
tensor in Chaps. 6 and 14 apply here as well. Thus the gur and ¢ will
again have the form

b
o
o
=]

0 —-¢ 0 0
153) g, =
(15:3) g 0 0 —r 0
0 0 0 —r?sin? @
i 0 0 0
0 —e 0 0
=10 0 —r 0
1
0 0 0 -y

where » and A are functions of r, which must be obtained from the field
equations. Furthermore, the tensor R,,, which is constructed entirely
from g,,, may be carried ¢ver intact from Chaps. 6 and 14. From (14.11)
we therefore obtain

Rll =

’ 7
Rn:e*"[l-l-y——&]—l

R33 = Rzz sin? @
Ry, =0 foru = 7

(15.4)

where a prime denotes differentiation with respect to r. The major labor
of the problem, working out R,, from g,,, is thus already done.

The Maxwell tensor F,, of the problem should correspond to a static
and spherically symmetric electric field E(r) in the r, that is, ! direction.
From the form of F,, in special relativity,

0 —E. —E, —E,
E., 0 H, -H,
E, —H, 0 H.
E, H, —H, 0

15.5) Fu = (special relativity)




488 Introduction to General Relativity

we are therefore led to seek a solution with F,, in the form

0 —
1
0
A\

0
0
(15.6) F.. = E(r) 0
0

OO O -
(=== )

Notice that, since F,. is a function of 7 only, this form of F,, automatically
satisties the second Maxwell equation (15.2¢) independent ot the func-
tion E(r). E(r) must be determined along with » and \ from (15.2a)
and (15.2b). Raising indices in (15.6) with the g in (15.3), we easily
obtain

0 1 0 0
-1 0 0 0
T o p—(rN)
(15.7) Ferro= ¢ E 00 0
0 000
and
01 00
— . 1 0 00
L g— - T = p—(v+A) /2,2

(15.8) Fur =/ —gFw = ¢ r2F sin 9 000 0
0 0 0O

Maxwell’s equation (15.2b) can now be solved for E. We substitute
(15.8) into (15.2b) to obtain the only nontrivial condition,

(15.9) FOYy = [e=ONI22E sin 0] = 0
Thus

(15.10) eI = ¢ ¢ = const
or

(15.11) E = e(v+)\)/2r_€2

This is an explicit solution for the field £ in terms of the yet unknown
functionsyand\. The boundary condition that the geometry be Euclidean
at infinity implies that » and N approach zero as »r — o, so the solution
(15.11) has the usual classical form, at least for large . Thus the con-
stant e can be identified as the charge of the particle.

In order to solve the remaining equation (15.2a), we need to compute
the T, of the electric field. We use the solution (15.11) and the metric
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tensor (15.3) to write the Maxwell tensor (15.6) in its three possible
forms: , ,

0 -1 0 0
= o€ [ 1 0 0 0
(15.12q) Fo.=c¢ = O 0 0 0
0 0 0 0
01 0 0
-1 0 0 0
T — N2 &
(15.12b) Fe e g 00 0 0
0 0 0O
0 e=V2 0 0
e [ eI 0 00
(15.12¢) Fr = i 0 0 0 0
0 0 0 0

An elementary calculation then gives the result that

1
(15.13) Tm' = 2;2 [FuaFaf + %g#TFUﬁFaB]

e 0 0 0
€ 0 —e 0 0
T 2¢O 0 0

0 O 0 r2sin?é

We can now proceed to solve (15.2a), the Einstein equations. Using
Roo and Ry from (15.4) and Too and Ty, from (15.13), we write the first
two Einstein equations as

s VII+>\IyI )2 B ' _ Ce ,
(15.140) R i e e R T

’" N 73 ’ 2
.14b _ VA V_.__>‘_=_*Ci4x
(15.148) + 4 r 9ctri

Now multiply the first (15.14a) by e~ and add to the second (15.14b)
to get

(15.15) N4+ =0 A + v = const

Since both A and » approach zero by the boundary condition at r =
the constant in (15.15) must be zero, and we see that

(15.16) A= —yp
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This is the same relation that occurs in the ordinary Schwarzschild
solution. ‘

The remaining equation Ry, = €T is obtained from (15.4) and (15.13)
as

(15.17) N+ (0 — )] — 1 = 28
' 2 2c%?
(Note that R3; = CTs; gives rise to the same equation and is redundant.)
Using (15.16), we can write this relation as
Ce?

v L — i
(15.18) el +r] =1+ 502y
Observe that differentiating this gives rise to (15.14a), so (15.14a),
(15.14b), and (15.18) are consistent equations. This differential equa-
tion is easily solved for » by noting that the left side is the derivative of
re’. Thus

Cé?
(15.19) (rer)) =1+ 567
which integrates immediately to give
’ 2m Ce?
(15.20) e =1— T oy

The constant of integration 2m is the same as in the ordinary Schwarz-
schild solution, namely 2«xM /c?, since we have to ensure that in the case
e = 0 our new solution will coincide with the original Schwarzschild
form.

Let us now collect our results. The line element, from (15.16) and
(15.20), is

2m Ce?
(15.21) ds* = (1 -5 ’23272‘) o* dt?
r 272

— (1 _m_ Ce )_1 dr? — r2(d6* + sin? 0 de?)

where m = «M/c? and C = —8mk/c?. The radial electric field is, from
(15.11) and (15.16),

€
(15.22) E=5
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The above results were first obtained by Nordstrém (1918) and Reiss-
ner (1916). It is interesting to note that, since C is negative, the function

— 1 — 2_77?/ —_ £§2_
¢ = T 2
takes the form shown in Fig. 15.1. In particular, if € is sufficiently large
. . e\ 1 1 . . .
(more precisely, if (M) . > 21-7—)’ no singular sphere exists, unlike

the case of the ordinary Schwarzschild solution, which possesses a singular
sphere at » = 2m. For a proton, one obtains (¢/M)2/x = 10%, so a

Fig. 13.1

proton has no singular sphere. It is also remarkable that the effect
of the electromagnetic charge on the metric dies off faster at infinity
than the effect of the gravitational mass (sce Exercise 15.1).

16.2 Weyl’'s Generalization of Riemannian Geometry

The general theory of relativity succeeded in geometrizing the phenome-
non of gravitation by connecting it with the metric of the Riemann space
considered. The potential of the gravitational force which oceurs in the
Newtonian theory was replaced by the metric potentials g,,, the com-
ponents of the metric tensor. If we wish to obtain an analogous theory
for electromagnetic phenomena, we have to establish corresponding
relations between the electromagnetic potentials and the metric tensor.
However, the components g,, of the metric tensor are already sufficiently
determined by the Einstein field equations, and there seems to be no
room to imbed also the entire theory of the electromagnetic field into the
same differential geometry.
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In 1918 Weyl proposed a generalization of differential geometry which
allows a greater freedom in the choice of a metric tensor, and this freedom
appeared just large enough to imbed the entire electromagnetic formalism
into the new geometry. While the success of this theory was rather
limited from the physical point of view, it showed an interesting possibil-
ity of a generalized differential geometry which contains a suggestive
formalism and may still have the germs of a future fruitful theory. We
shall therefore give a brief outline of Weyl’s ideas (Weyl, 1918).

We start again with the idea of an affine vector transplantation as in
Sec. 2.1. That is, we ask for a law of vector transplantation between
different points of the manifold which appears locally and in a properly
chosen local coordinate system as a transplantation of unchanged vector
components. As was shown in Sec. 2.1, such a transplantation law
appears in an arbitrary coordinate system in the differential form

(15.23) dge = T, dab g7

where the I'%, are the symmetric connections of the manifold, & are the
components of the vector considered, and dzf is the local displacement
vector.

Next we assume again the existence of a symmetric tensor field g,
which serves as the metric tensor. Thus, at every point of the manifold
we can determine the length I of the vector £ by means of the formula

(15.24) ‘ = |lEl* = guptot’

Analogously, we can calculate the scalar product of two vectors, say,
¢ and 7, attached to the point considered by

(15.25) £Na = Japtn®

In Sec. 2.2 we introduced at this stage the requirement that the length
of a vector and the scalar product of two vectors should remain unchanged
under the transplantation law (15.23). This postulate led us to the
determination of the connections as the Christoffel symbols of the metric
tensor and resulted in the classical Riemannian differential geometry on
the manifold.

It is at this stage that the Weyl modification of the differential geom-
etry sets in. We do not demand conservation of length and scalar
products under affine transplantation. If we interpret the vector &=
as a physical measuring rod with prescribed orientation and assume that
it changes under transport from point to point in the manifold according
to the law (15.23), our relaxation of this requirement means that we allow
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the rod to change length under bodily displacement. This dropping of
the restrictive demand of length preservation opens up a greater freedom
in the choice of a differential geometry, and it is here that Weyl succeeds
in bringing in geometric quantities which he will identify with electro-
magnetic potentials.

Of course, we have to make some assumptions regarding the length of
transplanted vectors if we want to specialize the rather structureless
theory of affine connections. It isnatural to assume in analogy to (15.23)
that the increment in length is proportional to the length itself and a
linear homogeneous function of the displacement vector dz=. Hence, we
set up

(15.26) dl = (¢ daf)l

Here the covariant vector ¢s plays a role analogous to that of the con-
nection I'%g,. Combining (15.26) with (15.23) and (15.24), we obtain

(15.27)  dI* = 21(pg da®) = d(gapk*t5)
= Gaplr£7E° dxY + GapT %, £PEP da + GagTPpyE2Er da

Renaming the various summation indices, rearranging terms, and using
(15.24) again, we can bring (15.27) into the form

(15.28) [gagly + 9obT%ay + Gual 8, ]E2E8 dx¥ = 2gapp, 6288 duY

Since (15.28) must hold for arbitrary choice of £ and da?, we conclude
in the usual manner that

(15.29) (9asly — 29apPy) + gy + goal%py = 0

This is the same system of linear equations for the connections I'%s, as
in Sec. 2.2; only the inhomogeneous term g.g, has now to be replaced by
Gasly — 2¢ape,. Hence, the same linear algebra as in Sec. 2.2 leads to
the equations

(15.30) & Pogy = — {Ba'YJ + 9°°lgoser + Goves — sy ol

Here { 60‘7

we may arbitrarily preseribe the metric-tensor field g.s and the covariant
vector neld ¢, and determine by (15.30) the field of connections I'#,

} is the usual Christoffel symbol of the second kind. Thus




494  Introduction to General Relativity

which admits under the affine transplantation law (15.23) the length
transplantation rule (15.26). Clearly, the differential geometry obtained
is a generalization of the Riemann geometry discussed until now. If we
select the vector field g5 = 0, the Weyl geometry reduces to the classical
Riemann geometry.

Let us point out that the mathematical theory of transplantation of
veetors and length is, according to (15.23) and (15.26), very useful even
in the case of classical Riemannian differential geometry. It allows us a
greater flexibility in our choice of the metric tensor gag. Indeed, let
f(@) be a scalar field on the manifold, and let us introduce the new
metric tensor

(15.31) fas = J(@)gus
In the new metric, a vector £ would have the length { given by
(15.32) [ = Juptet® = f(2))gapbet® = [

where [ is the length of the same vector as measured in the classical
way by means of the original metric tensor gug.
In the original metric with the tensor g.s we have

(15.33) ba=0 T = — ;{ﬂav}

and the length [ of a vector is unchanged under parallel displacement.
However, the same displacement law in the metric §.s leads to the
relation

(15.34)

N)‘ &)

= 3(log f)p da*

as can be seen from (13.32). Thus $(log f)i plays the role of ¢, in (15.26);

it then follows that the ordinary connections — constructed from

a
B v
gas are equal to the more general connections I'%, constructed according
to (15.30) from d.s and ¢y = 2(log f)n:

(15.35) I, = T2,
as can also be seen by direct computation from (15.30) and (15.31). But
in the new metric we have a length transplantation with

i)
(wlogf

DO et

(15.36) &=

|
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Thus we can deal with a Riemannian manifold in a more flexible manner
by use of a more general metric tensor dus if we readjust the length
measurement by the length transplantation law (15.26) with the corre-
sponding vector field (15.36). We may interpret the change of metric
from ga.g to das by (15.31) as a change of scale for the length at every
point of the Riemann manifold by the variable gauge factor f(z*). The
substitution (15.31) is therefore called a gauge transformation, and
¢a(2") is called the gauge vector field.

Our generalized differential geometry separates neatly the problem
of measurement of angles from that of measurement of length. Indeed,
the angle between the two vectors £~ and n* at a given point of the mani-
fold is measured by the ratio

Eop Gastn®
(15.37) TEl Il [(gapt®®) (gagnn®) %

This ratio does not change under the gauge transformation (15.31). The
gauge transformation is therefore a conformal (i.e., angle-preserving)
change of the metric. On the other hand, the length of vectors will change
under (15.31) according to (15.32). Thus the metric tensor g.s deter-
mines angles, while one needs also the gauge vector ¢, to measure length.

We return now from the case of a Riemannian manifold to the general
case of a Weyl geometry which is characterized by an arbitrary symmetric
tensor field g.s and an arbitrary gauge vector field ¢,. The connections
Iy are then determined by Egs. (15.30). The same argument as before
shows that we may replace the geometric quantities by use of a scalar
field f as follows:

(15.38) Jas = f(@Mgap  Ga = 0a + 50g N T2y = T2,

without changing the intrinsic geometric properties of vector fields.
That is, in the new metric, vectors will have the same law of affine trans-
plantation and the angle between different vectors at the same point
of the manifold will be preserved, but the local lengths of a vector will
be changed according to

(15.39) 2 = f(=")i2

Thus the general Weyl geometry admits also a conformal gauge trans-
formation, which is, of course, in this case of much greater significance.
Quantities and relations that do not change under gauge transformations
are called gauge invariants.

Given an arbitrary metric field consisting of the metric tensor ga.s
and the gauge vector ¢., the question arises whether or not this field
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may be transformed into a metric field of ordinary Riemannian geometry
by means of a gauge transformation (15.38). That is, we have to decide
if, by a proper choice of the gauge factor f(@*), we can achieve @, = 0.
Clearly, we can reduce @, to the zero vector if and only if ¢, is a gradient
vector field, that is, if

(15.40) @alp — 08la =0

Condition (15.40) may also be expressed in the following suggestive
manner: The necessary and sufficient condition that a Weyl geometry
may be reduced to a Riemannian geometry is that a vector keep its
original length after transplantation along an arbitrary closed trajectory.
Indeed, the condition of such a length preservation is, by (15.26),

(15.41) gﬁc# = §, eadae =0

and it is well known that (15.40) is the necessary and sufficient condition
for the integrability requirement (15.41) in simply connected regions.
We are thus led to study the tensor field

(15.42) Fog = @alp — 0ja

It stands in close analogy to the Riemann curvature tensor field Rogys.
Just as the vanishing of the latter tensor field is the necessary and suffi-
cient condition that a vector return into itself after transplantation
along a closed trajectory, so the vanishing of the tensor field F.g is
the necessary and sufficient condition that the length of a vector be
preserved under such transplantation. As we showed in Chap. 5, the
vanishing of the Riemann tensor guarantees a choice of coordinates in
which the geometry becomes pseudo-Euclidean. Likewise, the vanishing
of Fog guarantees a choice of metric in which the Weyl geometry becomes
Riemannian.

The Riemann curvature tensor has specific symmetry properties and
satisfies the Bianchi differential relations. Similarly, the new tensor
field is antisymmetric:

(15-43) Fap = _‘FBa
and satisfie§ the differential equations
(15.44) {Fagiy} = 0

Clearly, F.s is the intrinsic geometric quantity of the Weyl geometry.
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Indeed, under a gauge transformation (15.38) the gauge vector field ¢,
will change, but its curl vector field Fos will be unchanged. ,

We have now introduced the most important concepts of Weyl’s
generalized differential geometry and can repeat most of the general
ideas of the Riemannian geometry. This is possible since we still have
the concept of vector transplantation. Thus we define again a geodesic
line as a curve whose tangent vector is carried along that curve by the
law of vector transplantation, i.e., remains parallel to itself. We had in
Riemannian geometry a second definition of a geodesic, namely, as a line
between two points, which made the curve length stationary under
variation. This latter definition cannot be used in Weyl's geometry
since the curve length is not a gauge-invariant quantity. On the other
hand, the concept of a null geodesic is obviously gauge-invariant. This
is an important fact in view of the central role of null geodesics in general
relativity theory.

Likewise, the concept of covariant differentiation depends only on the
concept of vector transplantation. Indeed, we measure the change of a
vector component between two nearby points by comparing the actual
component after displacement with the value of the same component
which we should have obtained under affine transplantation. Thus
we may define

(15.45) e = g — Topy &Y

In Riemannian differential geometry, the eurvature tensor "\R"‘,g.,a was
introduced through the law of interchange in the order of covariant
differentiations:

(15.46) gy — s = B¥pyE

Hence, we can now express the curvature tensor in terms of the connee-
tions I'%g, in precisely the same manner as we did in Chap. 5, by means of
the special connections, the Christoffel symbols,

(15.47) Regys = —T%y5 + Tajy + T4l — T4 T

Using the expression (15.30) for the connections in terms of the metric
tensor and the gauge vector, we can thus express the curvature tensor
in terms of these basic metrie fields.

While the complete expression for the curvature tensor is rather
involved, it is relatively easy to give a closed formula for the curvature
scalar R defined by double contraction:

(15.48) Rgs = B%as R = ¢®Rg
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Indeed, since the form of the scalar is independent of the coordinate
system used, we may compute it in a coordinate system which is geodesic
at the point considered. We denote the Christoffel symbols in the cor-
responding Riemann space by

(15.49) Py, = — [ Ba~/=

and denote the Riemannian curvature tensor (built by a formula analo-
gous to (1.5.47) but based on the I'%, instead of the actual connections
I'%s,) by R%ss; analogously, we define the contracted tensors Rgs and E.

By our assumption all '%, and all g*8,, vanish at the point where we wish
to determine the eurvature scalar B. Hence, we have, by (15.30),

(15.50) Tegy = ¢40% + ©80% — Joro®
We derive from (15.47) and (15.48) the equation
(15-51) R = ‘“g*%I‘“ﬂa]a + (gﬂ’sraﬁﬁ)la + gﬂaraﬁrf a T Fafagﬂ5P765

An easy calculation based on (15.30) yields the identities

(15.52) gPT g = gPT% — (n — 2)¢"
and
(15.53) Tog, = T‘“ﬁu + nes

valid at all points; here n is the dimension of the space considered and
= 4 in the case of general relativity.
We also find at the point considered, by virtue of (15.50),

(15.54) gPT sl a = —(n — 2)(¢a®)

Inserting all these terms into (15.51), we arrive at

(15.55) R=R+ (n—1)(n = 2)(par®) — 2(n — 1)¢%a

We can bring the right-hand side into covariant form using (3.12):

(1556) BR=R+ (n — 1)(n — 2)(pap®) — 2(n — 1) 71:7] (V=7 ¢1e
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Indeed, the right-hand side is formally invariant under any -change of
coordinates. Since both sides of (15.56) are scalars, the identity (15.56)
is valid in every coordinate system. We have thus expressed the curva-
ture scalar R in an elegant way in terms of the former Riemann scalar R
and of the gauge vector ¢,. Formula (15.56) is due to Weyl and will
play a role in the theory of electromagnetism to be developed in the next
section. It will, of course, be needed only for the dimension n = 4.

There is one important point to be observed in the tensor algebra of
the Weyl geometry. We may consider a vector field & given inde-
pendently of the metric used. However, if we form from this contra-
variant field the covariant field

(15.57) £a = gapt®

then this new vector field will depend upon the metrie, and under a gauge
transformation (15.38) we shall have

(15.58) fa = f(2")£a

Thus the covariant form of a gauge-invariant contravariant vector
becomes gauge-dependent. Weyl introduced the concept of the ‘‘weight”’
of a tensor relative to gauge transformations. We say that a tensor is
of weight n if it is multiplied under a gauge transformatlon (15 38) by
the factor f(z*)»:

(15.59) Do, = @) Te

Clearly, the usual manipulation of indices in vector algebra will introduce
tensors of various weights. Observe, however, that the gauge vector ¢,
plays here a singular role since its gauge transformation is described by
the particular law (15.38). Therefore we cannot ascribe a weight to the

gauge vector.
Similarly, we can assign weights to tensor densities. Indeed, the
density factor 4/ —g transforms in four-dimensional space according to

(15.60) V—=§=rv-g
and has the weight 2.
We may consider, for example, the gauge-invariant antisymmetric

tensor (15.42). Its doubly contravariant form

(15.61) Fa8 < ganngFW
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is easily seen to be of weight n = —2. But the corresponding density
(15.62) Gob = Fab/ —g

is, by virtue of (15.60), of weight zero, and hence gauge-invariant.

Similarly, the scalar density FusFef v/ —¢ which occurred in the vari-
ational principle in Sec. 11.4 is gauge-invariant.

Finally, we observe that the curvature tensor (15.47) is gauge-invari-
ant, that the same is true for its contracted form Rg;, but that the curva-
ture scalar E has the weight —1. Hence, the scalar density B2~/ —g is
gauge-invariant. This fact will play a role in the considerations of the
next section, where we shall search for gauge-invariant Lagrangians in
possible variational principles. But we recognize already at this stage
that the concept of gauge invariance singles out particularly important
expressions among tensors and tensor densities.

16.3 Weyl’s Theory of Electromagnetism

In the preceding sections we discussed the generalized differential geome-
try of Weyl as a logically possible and formally elegant mathematical
theory. In this section we shall now indicate the physical interpretation
of this geometry and its connection with the electromagnetic and gravi-
tational fields of the space considered.

We wish to geometrize electromagnetism and gravitation at the same
time. We therefore have to express these fields in terms of the metric of
physical space. Let us start with the problem of the electromagnetic
field. Equations (15.42) and (15.44) are so similar to Maxwell’s equa-
tions relating the vector potential with the electromagnetic tensor that
it is natural to interpret ¢, and F 4 in just this manner. Thus, according
to Weyl, the electromagnetic field with the vector potential ¢, induces a
geometry with a gauge vector proportional to ¢., or conversely, the
dynamical effect of such a geometry is the same as that of the electro-
magnetic field in classical interpretation. The set of Maxwell’s equations

(15.63) (Fagin) =0
is automatically fulfilled, while the complementary set
(15.64) Fobig = 4

is gauge-invariant, in view of our remarks at the end of the last sec-
tion. We thus always have to interpret the vector .4 of current density
s gauge-independent.
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We pointed out in Sec. 4.1 that Maxwell’s equations are unchanged i
we introduce an arbitrary change of scale in the metric. We may now
state this result in the following form: Maxwell’s equations are gauge-
invariant. This fact thus obtains added significance in the Weyl theory.
It is a natural consequence of our geometric interpretation of the electro-
magnetic field, and no longer only a mathematical accident. It should
also be recalled at this point that the other massless fields which one can
describe (the neutrino field and massless fields of arbitrary spin) are also
represented by gauge-invariant equations (Penrose, 1964).

If we now wish to discuss the interaction between the electromagnetic
and the gravitational field, we shall have to set up field equations between
the 14 field quantities ¢, and gus. We shall do so by setting up an action
integral

(15.65) I=[W~/—gdu=

which is based on the field quantities ¢. and g.s and deriving the field
equations as the Euler-Lagrange equations of the variational problem

(15.66) 6l =0

where the field variables ¢, and g.s are varied independently. The
integrand

(15.67) W=W+—g

is assumed to be a scalar density of weight zero since we wish to obtain
gauge-invariant field equations. Without specifying yet the explicit
structure of ‘W, we introduce its functional derivatives with respect to
the field variables by the identity

(15.68) W diz = [(W* 8pa + W 8g,p) dix

where we assume that all variations of the field variables vanish at the
boundary. The quantities W= and W= can easily be calculated by the
Euler-Lagrange equations once the structure of the integrand W has
been specified.

The field equations will then take the form

(15.69) We = 0 Wb = 0

as follows from (15.66) and (15.68). These 14 equations are not inde-
pendent of each other. Indeed, the formal structure of W guarantees
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that the integral I will not change if we make an arbitrary infinitesimal
change of coordinates or an infinitesimal gauge transformation. Thus
the fact that W is a scalar density of weight zero establishes a priori
various relations between the functional derivatives. For example, let
us make a gauge transformation (15.38) with the infinivesuuar change of
scale

(15.70) f@) =1+ er(z)
According to (15.38) this implies the variations of the field variables
(15.71) 80ap = €Nfap 80u = Fema

We have to assume that w(2*) vanishes on the boundary of our domain
of integration if we wish to apply the identity (15.68). But otherwise
= (x}) is quite arbitrary. Hence, we conclude from the gauge invariance
of W that

(15.72) J[Wabgeg — W lr dz = 0
for every admissible variation, and consequently that
(15.73) W, = 2We,

This identity is a formal consequence of the gauge invariance of W and
not a physical law, as are most of the remaining field equations (15.69).

Similarly, we can derive four additional formal identities by considering
infinitesimal changes of variables,

(15.74) Ze = x° + e£*

which depend on the four arbitrary functions go. Thus the field equa-
tions (15.69) give only nine independent and physically significant state-
ments about the actual field relations.

After these general considerations we now have the problem of select-
ing a specific Lagrangian density W of weight zero which will lead to
physically acceptable field equations. We shall assume that W is built
of the components of the metric tensor g.s and their first and second
derivatives, and furthermore that it contains the components ¢. of the
gauge vector and their first derivatives. Then it can be shown that the
only rational functions of these terms which are scalar densities of weigli

- zero are the following expressions:

(15.75) FuFet N/~ g, R*¥VRoss v/ =g, RuR¥~/—g, R*V =g
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Observe that we derived in Sec. 11.4 a variational principle with the
Lagrangian density

(15.76) (R + LCF5F*8) /=g

which led indeed to Einstein’s and Maxwell’s field equations. However,
in this case the curvature scalar R was the Riemannian scalar and was
independent of the vector potential ¢, of the electromagnetic field.
The Lagrangian (15.76) is unacceptable in Weyl’s theory since the term
R/ —g is of weight 1 and not gauge-invariant. The closest admissible
analogy to the Lagrangian density (15.76) in Weyl’s theory would be the
expression

(15.77) W = (R + AF4F*)\/—¢g
The field equations can then be expressed by the variational condition

(15.78) 8w d -
= [2ROSR N —g + R%\/ —g + A sFasFd \/—¢)] dix

where the g.s and ¢. are varied independently and arbitrarily except
for the requirement that they vanish on the boundary of the domain of
integration.

We now can considerably simplify the expression (15.78) by using the
fact that the scalar B has the weight —1. Indeed, we can introduce a
local scale of length into the metric field considered such that

(15.79) E =2

is constant. Of course, this particular gauge will be destroyed after
the arbitrary variation of the metric field and 6B # 0 in general. The
constant X is a measure of the curvature of the space and corresponds
roughly to the cosmological constant considered in Chap. 13.

We now can bring (15.78) into the elegant form

1 .
(15.80) 5 f [R + g5 AFogle? — 7:9\] vV =gd% =0

whose Lagrangian density is now very similar to the original form (15.76)
since it depends linearly on R.

Finally, we turn to the expression (15.56) of B in terms of the Christoffel
symbols. We put n = 4 and observe that

(1581) [RN —gdir = [[R + 6(¢ap®)] vV —g d%c — 6[(¢% \/ —g)ja d%z
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The second right-hand integral depends only upon the values of the
integrand on the boundary and does not change under the variations
considered. Thus we obtain, from (15.80) and (15.81),

(15.82) f [R + %%Faﬂﬁaﬂ + 6(pap®) — %x] vV —gda =0
For convenience we define

(15'83) Pa = \/).‘ o Faﬁ = \/X Faﬂ

where @. and F.s are the components of the vector potential and the
electromagnetic field measured in usual units. We then have

(15.84)  8f[R + 3AF5F8 — A& — 630V —gdiz =0

The first two terms in the integral now correspond precisely to the terms
in the Lagrangian (15.76) of the classical theory, while the correction term
is in general small because of the smallness of the cosmological term \.
In most astronomical problems the effeet of the correction terms is
negligible, and only in the theory of the elementary particles might these
terms be of importance.

Let us consider the effect of varying the components ¢, of the gauge
vector. The same calculations as were used in Sec. 11.4 lead to the
equations

(15.85) AT = 603/ —g

We can identify these equations with the set of Maxwell’s equations (4.66)
if we define the vector of current density

(15.86) is = Z—)‘ 7V —yg

From the Maxwell equations themselves follows the law of conservation
of charge:

(15.87) 3% =0

Let us observe that the expression (15.86) for the current density
vector is valid only in a metrie in which the scalar R is constant. In
order to put (15.86) into gauge-invariant form we observe that, by
(15.38) and the fact that R has the weight —1, it follows that the
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expression
(15.88) - ¢a + 3(log B)ia
is gauge-invariant. Thus we may put (15.86) into the form

6 _
15.89 a3 = — (R L) g v —
( ) 4~/ (Res + $kig)g=s v/ —g

which is valid in every admissible mewrse. This formula shows the
interrelation between the metric quantities and the sources of the electro-
magnetic field.

While the mathematical formalism of Weyl’s theory of electromagne-
tism has a high degree of consistency and elegance, it has led to no pre-
diction of new physical phenomena which could be observed and might
serve as confirmations of the theory. On the contrary, in an appendix to
Weyl’s exposition of his unified field theory, Einstein raised some very
serious objections to it on empirical physical grounds. Let us consider
the case of a static, radially symmetric gravitational field in which a
nonzero electrostatic field is present, which is also assumed as time-
independent and radially symmetric. In this case the gauge vector ¢,
will have only one nonvanishing component, namely, ¢,. This function
will depend only upon the distance from the center of symmetry. Next
we put a clock at a given fixed point of this field. It measures time by
means of a periodic process, which has the duration ¢ in the time marker
z°.  The physical time coincides for this resting clock with the quantity
(1/¢)l, and according to (15.26) we shall have, after the time 2° has
passed,

(15.90) I =1lyexp ( /0“ ?0 de) = lpexp (¢oz)

We may choose as [, the period o of the clock, assuming that, at the
moment z° = 0, the marker interval coincides with the physical time
interval. However, after the time 2° has passed, the physical measure
of a period of the clock will be given by

(15.91) 7 = 19 exp (poz?)

In particular, if we had two identical clocks at two points of the field
with different values of ¢y, these clocks would differ more and more
in frequency as time goes on. We might consider this effect on atomic
clocks and should then expect that the frequency of the various spectral
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lines should depend on the location and past histories of the atoms. But
it is a well-known fact that the spectral lines are very sharp and well
defined ; whence Einstein concluded that Weyl’s theory is in contradiction
to experience. The strength of Einstein’s objection seems not as power-
ful now as at the time when it was raised, since we know that classical
physics does not describe atomic phenomena without certain quantum-
theoretical modifications. However, it seems indeed strange that two
identical physical systems at the same point in space-time should be
different because of different past histories.

An interesting consideration regarding Weyl’s theory of length trans-
port and gauge invariance is due to London (1927). He considers the
motion of an electron in the field of a proton and applies to it the gauge
concept.. We obviously have

=R

where r is the distance from the proton, and « is a dimensionless con-
stant of proportionality which connects the 1/r electrostatic potential
of the proton with the geometric gauge term ¢, Let us consider
circular motion for the sake of simplicity. We have the equality between
centrifugal and electrostatic forces,

(15.93) Ll

from which we can compute the time for deseribing one orbit:

e
15.94 T =210 P o=
(15.94) VT
During this orbit the scale of length has changed according to (15.90).
London raises the question whether or not it is possible that this change

vanishes for certain orbits and for proper choice of the numerical factor a.
We are led to the condition

(1595) exp (g&oCT) =1 <p()CT = 2min

where n is an arbitrary integer. From (15.92), (15.94), and (15.95) we
conclude

V'mr

€

= 2min

(15.96) ac —Z: = ac2r

Thus the possible radii r for orbits around which the length scale is
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preserved are given by the equation

_ n%e?
(15.97) r mdt
If we choose
2mie? 7
where A is Planck’s constant, we obtain
h2
=
(15.99) r=nt

the Bohr radii of quantum theory. Thus the gauge preservation intro-
duces automatically quantization conditions for the orbits in the hydro-
gen atom and an imaginary fine-structure constant.

We have been intentionally very clementary and erude in our reasoning.
London showed how the general quantum conditions could be obtained in
analogous fashion and pointed out the close relation between gauge theory
and wave mechanics. The most unexpected feature of this argument is
the fact that o is an imaginary number. If we wish to define length as a
real number, this interpretation becomes difficult. On the other hand,
the state vectors of quantum mechanics are complex-valued entities for
which the multiplication by complex numbers is well defined and sig-
nificant. Hence, after the development of modern quantum theory,
Weyl interpreted the ideas of gauge invariance and the corresponding
mathematical formalism as connected with transplanting the state vector
of a quantum-theoretical system. Be this as it may, there scems to be a
very suggestive and potentially significant content to this mathematical
model. Physical reasoning led Weyl to a model of differential geometry
which is of great theorctical interest and acsthetie appeal.  This model,
as we just showed, was soon applied in another ficld of physies and proved
of real importance there. Thercfore we found it useful to give a sketeh
of this attempt at unified field theory, though it is quite certain that in
its present form it is unrealistic and a failure.

15.4 Some Mathematical Machinery

We have seen in the first seetion that general relativity theory and clas-
sical electromagnetism in the form of system (15.2) appear to be con-
sistent and admit a reasonable solution, the Nordstrom metric (15.21),
describing the charged point mass. In this and the following section we
shall study the general system (15.2) in further detail.
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Suppose we are given a source-free electromagnetic field described by
the electromagnetic tensor F,, which gives rise to an energy-momentum
tensor 7', in the usual way. One can then ask what is the most general
tensor R,, which is consistent with both the equations of general rela-
tivity and Maxwell’s equations (15.2). The complete answer to this
question would allow us to gain insight into the relation of electro-
magnetism and gravitation without going beyond the present theories
of Maxwell and Einstein. We would indeed have a characterization of all
geometries which are possible in the presence of a pure electromagnetic
field.

The first geometer tostudy this problem was Rainich, in 1925, soon after
the advent of Einstein’s general relativity theory. He obtained one
condition- on the metric field, described by R,,, created by a source-free
electromagnetic field (Rainich, 1925). This work was continued in 1957
by Misner and Wheeler, who gave further differential conditions on such
a field. The investigations of these authors showed that a consistent
“already unified” field theory could be obtained within the existing
structure of electromagnetism and general relativity theory (Misner and
Wheeler, 1957).

We shall approach this problem with a section of purely mathematical
investigations which are also of interest in themselves, independently of
the success of the Rainich-Wheeler-Misner theory. This first section will
provide machinery which will enable us in the next section to derive the
conditions of Rainich-Wheeler-Misner. Having arrived at that point,
we shall possess the concepts needed to give a necessarily brief sketch of
Wheeler’s notions on the construction of the “already unified”’ theory of
general relativity and electromagnetism.

We begin by obtaining the famous Cayley-Hamilton theorem of ele-
mentary matrix theory. Let F = ((fi)) be an arbitrary n X n matrix
and define a series

(15.100) S=I+tF+eF2+ - -

where ¢ is a real parameter. It is easy to see that, for sufficiently small ¢,
this series converges absolutely, and therefore defines a new n X n
matrix . One can then verify by direct multiplication and rearrange-
ment that

(15.101) I—-tFRS=8I—-1tF)=1

-Hence the inverse of (I — ¢F), for sufficiently small ¢, is precisely the
geometric series S:

(15.102) (I —tF)'=8=1+tF + t2F* 4+ - - -
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On the other hand, elementary matrix theory gives us an alternative
way to calculate the inverse of (I — {F). One knows, according to
Cramer’s rule, that

BTﬂc
— =1 = "%
(15.103) (I —tF)z 7= |

where B}, is the transpose of the cofactor matrix which appears in the
expansion of the determinant by minors in the 7th row:

(15.104) I — tF| = ; (I — tF)afs  (any i)

Since Bix is (—1)*** times the determinant of an (n — 1) X (n — 1) minor

of (I — tF), it is clearly a polynomial of degreen — lint¢. Thus (15.103)
and (15.102) tell us that

(15.105) I — tF|(I — tF)~" = I — tF|S = ((Ba(1))T

is a polynomial of degree n — 1 in £
We define next the characteristic polynomial of the matrix ¥ as

(15.106) ¢\ =N —F| =N+ g, "1 4 -« L g
which is clearly a polynomial of degree n in A. The role of ""ythis poly-

nomial in matrix theory is well known; in particular, its roots are the
eigenvalues of #. From the definition (15.106), we see immediately that

(15.107) |I — F| = ¢~

1 1 ‘
Z—I’_Flztn¢<z‘)=1+an_.[t+ e ‘{_aﬂt”

To obtain a very interesting result, we substitute the above representa-
tion of |7 — ¢F| and the series representation (15.100) of S into Eq.
(15.105). We find that the coefficient of {* on the left side is the matrix

(15.108) M = F» 4 q,_F»1 + - gl

This may be considered as a polynomial matrix function of a matrix in
the same way that an ordinary polynomial is a sealar function of a scalar.
With this point of view we may indeed write M = o(F), as is evident from
(15.106) and (15.108). Since the right side of (15.105) is only of degree
n — 1 in ¢, this matrix polynomial must be identically zero:

(15.109) ¢F) =F"+au F" 1+ - - - +aq] =0
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That is, the matrix F satisfies its own characteristic equation ¢(F) = 0.
This is the fundamental Cayley-Hamilton theorem of matrix theory. It
tells us in particular that every n X n matrix satisfies an algebraic equa-~
tion of order n.

Since the Minkowski tensor #,, is antisymmetrie, the special case of a
4 X 4 antisymmetric matrix,

(15.110) FT = —F

will be of particular interest in the next section; so we shall proceed now to
investigate the characteristic polynomial, the eigenvalues, and the
general form of 4 X 4 antisymmetric matrices. Since a transposed
matrix has the same determinant as the original, we find from (15.110)
that

(15.111) ¢(—N) = |=M — F| = (=D + F| = (= 1)*|(\] + F)7|
= (=D"\ = F| = (=D"¢(\)

Thus, for an even n, such as n = 4 in the present case, the characteristic
polynomial is an even function of A. From this fact and the Cayley-
Hamilton theorem, it follows that F' satisfies a characteristic equation in
which only even powers appear:

(15.112) Fi+ aF? + al =0

Furthermore, from (15.111) we sec that, if N is a root of ¢, NI — F| = 0,
then —\ is also a root, |[—A — F| = 0. Thus the eigenvalues of a
4 X 4 antisymmetric matrix occur in two pairs, +A; and +X,.

It is an easy matter, moreover, to determine the coeflicients a, and a.,
of the characteristic polynomial in terms of the eigenvalues +X\; and
+Xe. Since these eigenvalues are roots of ¢(\), we can write ¢(A) as

(15.113) () = (A = M)+ M)A — AN+ o)
=2 — (A 4+ ADA? 4+ N2

from which it is clear that the coefficients of (15.112) are

ap = )\i)\g

(15.114)
g = —()\3 + )\3)
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Therefore
(15.115) Fr— (2 2)F2 + 00\ =0

Let us now construct a 4 X 4 symmetric matrix
(15.116) I =F 4+ 922 I=F— 1+ T

In the remainder of this section we shall investigate this matrix and its
relation to the antisymmetric matrix . We shall see in Sec. 15.5 that if
the matrix F corresponds to the electromagnetic tensor F,, in a special
coordinate system, then the matrix I' is proportional to the energy-
momentum tensor 7', of the electromagnetic field in that system. The
first interesting property of T' follows very quickly from the definition
(15.116), for if we square T' and use (15.114) and (15.112), we find that

2
(15.117) T2 = 4 + g P2 + %2 I

a3

- (4 - w) 1 =201 - 21

That is, I'? is a multiple of the identity matriz I. We shall assume, more-
over, that A} # \] throughout this chapter, so that I'? is not identically
7ero.

Another interesting property of T' follows if we consider the Jordan
canonical form of I'.  According to Jordan, any complex matrix can be
transformed by a similarity transformation into a matrix of the form

Cy
Cy

(15.118) %« =

Cw

2

oy
=]
N
OO0

0000 - mn
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where C; has 7/’s along the main diagonal, 1’s along the first superdiagonal,
and zeros everywhereelse. That is, there exists a nonsingular Q such that

C,
Ce

(15.119) T = Q! o Q
Cw

However, the fact that, in the present case, I'? is a multiple of the iden-
tity, namely +(A} — A2)21, tells us that

1
3
(15.120) T2 = Q- T Q = 1\ — M)
Cx

and hence that each C; has the square

™ 2 1 0 0 0

0 2 2 1 0 0
as12ny cr=§ T T T =2l — N

o 0 0 00 --- 7

k2

This, however, is possible only if C;is a 1 X 1 matrix and
o= 308 =\
in which case the Jordan canonical form is a diagonal matrix and

T1
T2

(15.122) I = Q! o Q

Tn

The 7; are clearly the eigenvalues of T'; we can readily obtain them from
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the definition of I' in (15.116), for

(15.123) [rid —T| = |rid — F2 4 102 + AD ]|
2 2
= 1<T¢‘+>\1;)\2)]~F2

Thus 7, + (A\] + A})/2 is an eigenvalue of F2, which we know must be
either A\] or \}. Thus we see immediately that

(15124) Tl = T = —7T3 = —T4 =7 = %()\i - )\2)
and

(15.125) T = Q! (TOI _OTI> Q =30\ —A\)Q! (é _OI> Q

where [ is the 2 X 2 identity matrix. From the last statement above
we obtain the second interesting property of I'; for since the trace is
invariant under a similarity transformation, (15.125) tells us that T' has
a zero trace

(15.126) TrT) =TrF?— iA1= ) =0
From this it follows also that
(15.127) ‘ Tr (F?) = 2\ — \)
so that ' may be written as
(15.128) T'=F —3Tr (F)I
in which form its null trace is manifest.
In the work of the next section we shall need the fact that the Q in
(15.125) may be chosen to be an orthogonal matrix @7 = Q~'. Let us

put this statement in the form of a theorem: If a symmetric matriz T with
eigenvalues T, 7, —r, and —r is similar to a diagonal matriz N,

(15.129) I = Q! (TOI _OT 1) Q = Q'nQ

then there exists some such Q which is orthogonal, @' = QT. (The matrix
@ will not necessarily be real.)
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The proof of the statement is quite straightforward. Since T is
symmetrie,

(15.130) I'T = QTU(@-H7 =T = Q- 9Q
Thus
(15.131) NQRT) = (QENHN
If we write QQT in terms of 2 X 2 blocks as
Y A e
(15.132) QQr = (a B)

then Eq. (15.54) tells us that

(15.133) (__‘; _E) = (‘;‘ :’;) y=38=0

so we find

(15.134) QQr = (g g)

The submatrices o and B are clearly symmetric since QQT is symmetrie,
and moreover, since @ is nonsingular, we have the following relation
between determinants:

(15.135) 1QQT| = |Q]* = |a] |8] # 0

Thus the determinants [«| and |8| are both nonzero. Next note that,
if @ is replaced by

(15.136) Q= (f g) Q

with arbitrary nonsingular matrices B and 8, one finds by straightfor-
ward multiplication that

(15.137) I'=QnQ = §-nQ
and furthermore

| - (RaRT 0
(15.138) QQT=< : Sw)

To complete the proof of the theorem we need only show that the equa-

i
|
|
[
|
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tions RaRT = I and SBST = I have solutions R and S; then, by (15.137)
and (15.138), § will indeed be an orthogonal matrix which puts T' into
diagonal canonical form. To solve RaRT = [ for R, let

()
w <

Substitution of these in RaRT = I gives the following three equations

in four unknowns:

(15.139) o= (Z ﬁ)

au? + 2buv + cv? =1
(15.140) aw? + 2bwz + cz* = 1
auw -+ buz + bwv + czv = 0

It

Several cases are possible for the coefficients a, b, ¢ of these equations.
Suppose, first, that @ # 0, in which case the following values form a
solution:

R Y A2 __—b
(15.141) v =0 u——\/;i z \/I—;l w Vald

where |a| is the nonzero determinant of a: ac — b2 The second case,
¢ # 0, is quite similar and need not be written out. The last case,
a = ¢ = 0, possesses the solution 1

: 1
(15.142) z=1 u=~2—5 o= —1 w__z_.b_

Thus we have shown that an R exists for which R7aR = I.  In similar
manner a solution S to STS = I also exists, so the proof of the theorem

is complete.
The canonical form for T,

(15.143) r=gr (TOI _OT 1) . <101 —01 1) 0

where 7 = 14(A\2 — A}), and @ is orthogonal, can be used to shed light
on the structure of F, the matrix from which T' is constructed. F may
be written in the completely general form

K L
(15.144) F=Qr (M N) Q
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where @ is the same orthogonal matrix which appears in (15.143), and
K, L, M, and N are appropriate 2 X 2 matrices. Note that, since F is
antisymmetric, K and N are also antisymmetric. From the definition
of T' (15.116) we find that, by virtue of (15.124),

2
(15.145) F?=T 402+ \)I = Qr (xg)l A%) Q
2

Using this form for 2 and (15.144) for F and the obvious identity

F°F = FF?
we obtain
NE AL NE AL
15.1 1 1 I St 2
(15.146) (sz xiN) (fo A%N)

By the assumption A} > A} (which we always make), the matrices L and
M must be zero. Similarly, the identity FF = F?, with the representa-
tions (15.144) and (15.145), gives

K* 0\ _ (NI o0
(15.147) (o N2>*<0 xgz)

Since K and N are 2 X 2 antisymmetric matrices, they must both be
multiples of

(15.148) J = (_01 (1))

J?1is clearly — 7, so we see from (13.147) that
(15.149) K = +i\J N = £
Since the eigenvalues of F occur in pairs, +X; and +X\,, the sign in
(15.149) is arbitrary, and we can simply choose the +. By substituting

K and N from (15.149) into (15.144), we finally arrive at a general
canonical form for the antisymmetric matrix F:

indJ 0
(15.150) F = QT< 0 i)\2J) Q

with the restriction that A} s A}

|
|
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In the rest of this section we shall not obtain any new results, but
shall merely rewrite the above results in a more elegant and convenient
form for use in Sec. 15.5. Define the matrices

15.151)  p= Q" (g 8) Q ¢=1Q" (3 3) Q

where @ is the same orthogonal matrix as in (15.150). Since J2 = —1,
we find by elementary computation that

2 2 = J 3 — 3 —
(15.152) Pt prer e

gp=pg=0 pt+g=1I
The canonical form (15.150) of F now reads, in terms of p and g,
(15.153) F =x\p + Mg
The matrix I can then be written with the aid of (15.152) as

(15.154) T =F2— 3\ + )1
= Mp? + Mg — 0 + ) + )
=30 - M) - )

which agrees with (15.125). Squaring the identity (15.1545, we then
obtain

(15.155) I? = (A1 — A)(p* + ¢
= 30d - NI
= 1Tr (M1

as in (15.128). - .
By comparing (15.153) and (15.155), we can obtain one last interesting
result concerning the relation of F and T'. Instead of using F to construct
T, let us use an antisymmetric # defined by
F = le + qu

15.156 _ _
( ) X1 = cosh a /A2 — A2 Xz = sinh @ VA7 — A3

where a is an arbitrary parameter. Then, evidently,

(15.157) R — 12 =2 — A
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so0, by (15.155), the same I' matrix results from both F and F':
(15.158) T=3(X - )@ — ¢ =30\ - NP> — ¢) =

Note in particular that the choice in (15.156), cosh a = A\i/A/\f — X2
and sinh @ = No/A/N} — A}, clearly yields F = F. Tt is therefore ¢lear
that an entire one-parameter (@) family (15.156) of F matrices gives rise
to the same I' matrix.

It should be observed that the eigenvalues A; and \; need not be real;
indeed we shall find in general that one is real and the other imaginary.
If N1 is real and X\, is imaginary, we see that « must be imaginary in the
case considered above. In general it is some complex-parameter field.

16.6 The Equations of Rainich, Misner, and Wheeler

We shall now proceed to apply the results of Sec. 15.4 to the task of ob-
taining the equations of Rainich, Misner, and Wheeler from the system
(15.2). These equations involve only the contracted Riemann tensor
R,,, which describes the geometry of space-time, and constitute the basis
of the already unified field theory.

For convenience we shall work in a locally geodesic system so that at
some chosen fixed point P the Christoffel symbols all vanish. This
makes ordinary and covariant derivatives of first order:the same at P.
Such a geodesic coordinate system is determined only up to a linear trans-
formation with constant coefficients. In order to use the matrix results
of Sec. 15.4, we may then use a geodesic system in which the metric
tensor g,, at P is the Kronecker 8,,. That is, we shall work in a locally
geodesic system with a “‘unit’” metric tensor. One should note that even
these conditions determine the system only up to an orthogonal trans-
formation. In the system we have chosen, where the metric tensor §,,
¢oincides with the identity matrix, the a* coordinates will in general be
imaginary and F,, will be complex. Furthermore, we can clearly drop
the distinction between covariant and contravariant indices and con-
sider tensors as matrices with all indices down; tensor algebra and
matrix algebra at P are therefore the same.

In our system the energy-momentum tensor of the electromagnetic

field
1 1
(15.159) T,, = = (FuoF oy + 1g,,F o gFe) = = (FoF o, — Lgu,F ogF8e)

can be expressed by the matrix equation
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(15.160) AT =T =F* — }Tr (FY)]

where we have introduced the new matrix T' = ¢2T for convenience. This
new matrix I' depends on F in exactly the same way that the matrix T,
which we studied in Sec. 15.4, depended upon the antisymmetric matrix
F. Thus all the algebraic results of Sec. 15.4 can be applied to the present
problem. Two facts in particular are of interest. First, T' is traceless,
which is indeed evident from (15.160):

(15.161) TrT =0

Utilizing the proportionality between I' and the matrix B = R,, as
expressed by the Einstein equations in matrix form,

(15.162) R = g r

we can rewrite (15.161) in terms of K as
(15.163) TrR=R:, =0

Since (15.163) is written in tensor notation, it is true at all points in all
coordinate systems. Second, Eq. (15.155) tells that I'? is a multiple of
the identity matrix I:

(15.164) I't = Tr ()7

Again utilizing the Einstein equations (15.162), we can easily cast this in
general covariant form:

(15.165) Ry Ry = $(RigR®)gya

Equations (15.163) and (15.165) are the first two of four sets of relations
on R,, which form the basis of the Rainich-Wheeler-Misner theory.

It is possible to strengthen Eq. (15.165) somewhat by demonstrating
that, under a reasonable physical assumption (as will be explained below),
the scalar R.zR™ is a positive real number. This is most easily shown
by utilizing the expression for T',4s['"® in terms of the eigenvalues of
F s, that is, (\2 — A\3)?, as given in (15.155). An eigenvalue equation is a
covariant concept. Indeed, if one expresses the eigenvalue equation of
F . in the covariant form

(15.166) Foptf = Ny = Ngapt®
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it is clear that the eigenvalue X is indeed a scalar. Equation (15.166)
gives rise in the usual way to a covariant secular equation for \:

(15.167) |Fag — Ngas] = 0

What we now wish to show is that, if we make the physically reasonable
demand that Fg be real in a system of real coordinates, then (A} — A\%)?
is a positive real number.

A scalar can be calculated in any coordinate system, so we shall
momentarily utilize a real Lorentz system with

1
) -1
(15.168) Gas = _1

-1

In this system we write F,s, which is now assumed to be real, in the
general form

0 a b c
—a 0 d e
(15.169) Fog = b —d 0 5
—c —e ~f 0

and D = (f,—e,d). The secular equation (15.167) for A with (15.168)
for gug and (15.169) for F,g is found by direct expansion to be

(15.170) M—(C2—D2)N2— (C-D)2=0

‘where we have used three-dimensional vector notation. The solutions of
this quadratic equation are immediately seen to be

_ (C? — D?) + 4/(C* — D¥)? § 4(C - D?
(15.171) A= 5

From this it is clear that, by (15.155),
(15.172) (Al — )2 = (C? — D2)2 + 4(C - D)% = I',,I'™
~The radical in (15.171) is clearly greater than C2 — D2, so that one solu-

tion for A%, say M}, is positive-definite and the other, say A2, is negative-
definite. The two can be equal only in the so-called null case, where
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C*—D?*=C-D =0. It is our standing assumption that the eigen-
values are not equal so that (\} — \2)?is clearly a positive real number.
Since it is also a scalar, we have shown that TsI'*#, and hence R.sR™, is
real and positive in general.

The above fact is 1nterest1ng as a statement about the tensor R,,, but

By
it is also important in the derivation of a further algebraic condition on

R,., as we shall see presently.
Recall from (10.71) that in special relativity theory the component 7'
is proportional to the energy dens1ty of the electromagnetic field:

(15.173) Toy = £ T H?

One would like to carry over this interpretation of T, to general rela-
tivity. This clearly requires that T, be of positive value in any system
of real coordinates. What we must show is that T > 0, or the equiv-
alent statement Ry < 0, is a covarians and consistent requirement.

To do this, consider an arbitrary vector v,. Multiplication of ¢, by
Reg leads to a new vector w;:

(15174) wg = — RB%u,

From the second algebraic condition (15.165) it is evident that the norms
of wg and v, are proportional:

(15175) wﬂwﬁ = %(R,,,R“")vav“

Since we have shown that R,,R* is a positive real number, it is clear
that w, and », are both timelike, both spacelike, or both null. In
particular, one can therefore say that, under tue hnear o peracion (15.174),
R,, carries the light cone into itself. This is indeed a very elegant and

physically simple way of understanding the significance of the condition
(15.165).

Now consider the transformation of Rg to a new coordinate system,

P dx* dx”
(15176) Roo = 5:2—0 %5 R,‘y

It is easy to see that the transformation coefficient dz#/94° is indeed a
contravariant vector, for in another primed system,

’ ’ by
(15.177) o™ ax“((’i)

az0 dx* \9x°




